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ABSTRACT 
A systematic method for optimal design of layered periodic composites for mitigation of impact-
induced shock waves is presented. Frequency spectrum of a pulse with a sharp rise-time is analyzed 
and the frequency range that carries most of the pulse energy is identified. A genetic algorithm is used 
to maximize the stop bands of a layered periodic composite over the target frequency range. Due to 
reflection of the pulse over the stop bands, the maximum stress and the energy of transmitted pulse 
become minimal. To verify the theoretical calculation a sample is fabricated and Hopkinson bar 
experiments are performed. It is observed that only 9.7% of energy of the incident pulse gets 
transmitted through the sample. In addition, the wave speed in the composite is measured to be 45.4% 
less than the wave speed in its constituent material with the lowest wave speed. 
Keywords: periodic composite, optimization, Hopkinson bar, elastic wave, impact. 
1 INTRODUCTION 
In recent years, periodic composites (PCs) have attained considerable attention because of their 
interesting elastodynamic behavior [1,2,3,4]. These composites display stop bands where an incident 
elastic wave gets effectively reflected. This feature can be used to design acoustic filters, noise 
insulators, and vibrationless environment to house sensitive instruments. Different methods have been 
used to design PCs for a desired elastodynamic response [5,6,7]. Hussein et al [5] used a multiobjective 
genetic algorithm for design of layered PCs for an optimal frequency band structure. They illustrated 
examples for optimizing the performance of layered PCs for acoustic filtering. Meng et al [6] 
performed optimization to enhance the underwater sound absorption of an acoustic metamaterial slab. 
They illustrated the feasibility of combining several layers of different resonant frequencies to achieve 
a broadband underwater sound absorber. Wang et al [7] presented a method for design of layered elastic 
metamaterials for maximizing frequency range where a PC exhibits negative effective elastodynamic 
                                                 
1 hsadeghi@ucsd.edu 
2 
 
properties. They used genetic algorithm for optimization and showed that their approach provides 
satisfactory results. 
There have been many efforts to understand the behavior of layered materials under high strain rate 
loading. Zhuang et al [8] investigated finite amplitude shock propagation in layered periodic 
composites experimentally. They observed that due to scattering effects, the shock speed in the 
composite is lower than the shock speed in its constituent materials. Chen and Chandra [9] considered 
the effect of heterogeneity in layered composites under impact loading. They studied the effect of 
impedance mismatch, thickness ratio, and interface density on the response of layered composites. Luo 
et al. [10] studied stress wave propagation in two and three layers structures under impulsive loading. 
They showed that when an incident pulse passes through a layered structure, a reduced stress amplitude 
and elongated pulse duration can be obtained with proper selection of materials and layers dimensions. 
Schimizze et al [11] studied blast induced shock wave mitigation in sandwich structures. They 
observed that the density and acoustic impedance mismatch are of primary importance in shock wave 
mitigation in this kind of structures. Due to promising behavior of layered structures under high strain 
rate loading, it is necessary to develop design methods for their optimal performance. 
In this paper, a systematic method for optimal design of layered PCs for mitigation of impact-
induced elastic waves is presented. Frequency spectrum of a pulse with a sharp rise time is studied and 
the frequency range that contains most of the pulse energy is found. A genetic algorithm is used to 
design the topology of a layered PC to maximize the stop bands over the target frequency range. A 
constraint is introduced into the optimization problem to limit the total unit cell size of the PC. Transfer 
matrix calculations and Hopkinson bar experiments are performed to study the behavior of the 
composite subjected to the pulse. 
2 WAVE PROPAGATION IN LAYERED PERIODIC COMPOSITES 
2.1 Band structure calculation 
Consider a unit cell of an infinite layered PC consisting of N different homogeneous layers, as 
shown in Figure 1. In this Figure, ܧሺ௝ሻ, ߩሺ௝ሻ, and ݀ሺ௝ሻ are the elastic modulus, density, and thickness of 
the j-th layer, respectively. The displacement,	ݑ, and stress,	ߪ, at the left boundary of the first layer in 
the unit cell,	ݔଵ௅, can be related to those at the right boundary of the N-th layer, ݔேோ, by 
൤ݑሺݔ
ேோሻ
ߪሺݔேோሻ൨ ൌ ܂ ൤
ݑሺݔଵ௅ሻ
ߪሺݔଵ௅ሻ൨ (1)
where	܂ ൌ ܂ே܂ேିଵ …܂ଵ is the transfer matrix of the unit cell and ܂௝ is the transfer matrix of the j-th 
layer given as 
܂௝ ൌ ቈ cos	ሺ݇
ሺ௝ሻ݀ሺ௝ሻሻ sin൫݇ሺ௝ሻ݀ሺ௝ሻ൯ /ܼሺ௝ሻ
െܼሺ௝ሻsin	ሺ݇ሺ௝ሻ݀ሺ௝ሻሻ cosሺ݇ሺ௝ሻ݀ሺ௝ሻሻ ቉. (2)
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where ܼሺ௝ሻ ൌ ߩሺ௝ሻܿሺ௝ሻమ݇ሺ௝ሻ, ߱ is the angular frequency, ݇ሺ௝ሻ is the wave number in the  j-th layer, and 
ܿሺ௝ሻ is the wave velocity in the  j-th layer. For Bloch type waves stress and displacement at the 
boundaries of the unit cell are related by 
൤ݑሺݔ
ேோሻ
ߪሺݔேோሻ൨ ൌ ݁
௜ொ ൤ݑሺݔ
ଵ௅ሻ
ߪሺݔଵ௅ሻ൨ (3)
where ܳ ൌ ݇݀ is the normalized Bloch wave number. Combining eqs. (1) and (3) one can find the 
following eigenvalue problem 
܂ܡሺݔଵ௅ሻ ൌ ݁௜ொܡሺݔଵ௅ሻ (4)
which may be solved for either ߱ or ܳ to find the band structure of the composite.  
 
Figure 1. Unit cell of a layered periodic composite. 
 
2.2 Transmission and reflection calculation 
Consider a layered composite made of m homogenous layers sandwiched between two 
homogenous semi-infinite bars as shown in Figure 2. Assume the amplitude of the incident wave in the 
incident bar is ܣାሺ଴ሻ, the amplitude of reflected wave in the incident bar is ܣሺି଴ሻ, and the amplitude of 
wave transmitted to the transmission bar is ܣାሺ௠ାଵሻ. Applying the continuity of displacement and stress 
at the interfaces of the composite with the incident and transmission bars, the reflection and 
transmission coefficients, R and T, can be found as 
ܴ ൌ ஺షሺబሻ஺శሺబሻ ൌ െ
۹మభ
۹మమ,       ܶ ൌ
஺శሺ೘శభሻ
஺శሺబሻ
ൌ ۹ଵଵ െ ۹భమ۹మభ۹మమ  (5) 
where ۹ ൌ ۺ௠ାଵିଵ ۰௠ାଵିଵ ܂ᇱ۰଴, ܂ᇱ ൌ ܂௠܂௠ିଵ …܂ଵ is the transfer matrix of the composite, and ۰௝ and ۺ௝ 
are given by 
۰௝=ቂ 1 1ܼ݅ሺ௝ሻ െܼ݅ሺ௝ሻቃ,             ۺ௝=ቈ
expሺ݅݇ሺ௝ሻݔ௝௅ሻ 0
0 expሺെ݅݇ሺ௝ሻݔ௝௅ሻ቉ (6)
The reflected energy, ܴ݁, and the transmitted energy, ܶݎ, can therefore be calculated as 
ܴ݁ ൌ ܴܴ∗,    ܶݎ ൌ ܶܶ∗ (7)
where ሺ. ሻ∗ denotes the complex conjugate. 
(N)…(j)…(1)
x
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Figure 2. Finite slab of a layered PC sandwiched between two homogenous semi-infinite bars. 
 
3 OPTIMIZATION 
Here the goal is to find the topology of a layered PC to maximize the stop bands over a target 
frequency range, ଵ݂ᇱ to ଶ݂ᇱ. The stop band ratio (ܴܵ) is defined as the ratio of sum of the stop bands 
frequencies (within the target frequency range) divided by the total frequency range 
ܴܵ ൌ ∑ሺ ଶ݂
ሺ௜ሻ െ ଵ݂ሺ௜ሻሻ
ଶ݂ᇱ െ ଵ݂ᇱ  
(8)
where ଵ݂
ሺ௜ሻ and ଶ݂
ሺ௜ሻ are the frequencies where the ݅-th stop band begins and ends, respectively. The 
material constituents of each phase are chosen based on the application and the thickness of each layer, 
݀ሺ௝ሻ	ሺ݆ ൌ 1, . . , ܰሻ, are the design parameters. The design space for each design parameter is specified 
considering the frequency of interest, manufacturability, and other design limitations. Here, a constraint 
is introduced into the optimization problem to limit the total unit cell size of the composite to be equal 
to a prescribed value, D. The objective function is defined as the inverse of stop band ratio and the 
optimization problem can be stated as 
Minimize  ௙మ
ᇲି௙భᇲ
∑ሺ௙మሺ೔ሻି௙భሺ೔ሻሻ
 
Subject to   ∑ ݀ሺ௝ሻ ൌ ܦே௝ୀଵ  
(9) 
This constrained optimization problem can be reduced to the following unconstrained one using 
quadratic penalty method [12] 
Minimize  ܨ ൌ ௙మᇲି௙భᇲ∑ሺ௙మሺ೔ሻି௙భሺ೔ሻሻ ൅ ߣ൫∑ ݀
ሺ௝ሻ െ ܦே௝ୀଵ ൯ଶ     (10) 
where ܨ is the new objective function and ߣ is the penalty coefficient. Any global optimization method 
can be used to find the optimal solution. Here we adopt genetic algorithm (GA) [13] which is a global 
optimization method and search technique based on the principles of genetics and natural selection and 
has been used successfully in several engineering problems. 
4 HOPKINSON BAR SETUP 
Figure 3 shows a schematic representation of the Hopkinson bar setup used in this study. The 
striker bar hits the end A of the incident bar at a given velocity which produces a compressive pulse 
traveling along the bar. The sample is sandwiched between end B of the incident bar and end C of the 
Incident bar Transmission bar 
x
Incident wave 
Reflected wave 
Transmitted wave 
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transmission bar. When the pulse reaches the sample, part of it gets transmitted to the transmission bar 
and part of it gets reflected back into the incident bar. Strain gauges S1 and S2 measure the strain, ߝሺݐሻ, 
in the middle of the incident and transmission bars as a function of time. Incident, transmission, and 
striker bars are made of steel with diameter of 0.5 in. The length of both incident and transmission bars 
is 4 ft, and the length of the striker bar is 4 in. The particle velocity, ܸሺݐሻ, and axial stress, ߪሺݐሻ, in the 
bars can be calculated as [14] 
ܸሺݐሻ ൌ ܿ଴ߝሺݐሻ, ߪሺݐሻ ൌ ߩܿ଴ܸሺݐሻ (11) 
where ܿ଴ and ߩ are the wave speed and the density in the bars, respectively. Also, the total energy that 
pulse carries can be calculated as 
ܧ ൌ ݁଴ ׬ ܸሺ߬ሻଶ݀߬௧଴      (12) 
where ݁଴ is a constant coefficient. 
 
Figure 3. Schematic of the Hopkinson bar setup. 
 
5 OPTIMAL DESIGN AND RESULTS 
The incident pulse is measured in the Hopkinson bar by strain gauge S1 and its fast Fourier 
transform (FFT) is calculated. It is observed that a significant portion of the pulse energy is carried by 
the components with frequencies over 0 to 100 kHz. Therefore, the target frequency range is chosen to 
be 0 to 100 kHz to maximize the stop bands. The design space is 0.1	ܿ݉ ൏ ݀ሺ௝ሻ ൏ 1	ܿ݉ for thickness 
of each layer and the total unit cell size is ܦ ൌ 2	ܿ݉. Here 2-phase composites with periodic layers of 
polycarbonate and steel are considered and the number of layers in the unit cell, ܰ, can change (see 
Figure 4). Without loss of generality, it is assumed that the first layer in the unit cell is made of 
polycarbonate. The material properties of each phase are given by ܿ௦௧ ൌ 5064݉ ݏ⁄ , ߩ௦௧ ൌ
7810	 ݇݃ ݉ଷ⁄ , ܿ௣௖ ൌ 2236݉ ݏ⁄ , and ߩ௣௖ ൌ 1193	 ݇݃ ݉ଷ⁄ , for the wave speed and density of steel and 
polycarbonate, respectively. Table 1 shows the optimal design and stop band ratio for different values 
of ܰ. It can be seen that ܰ ൌ 3 gives the largest stop band ratio and it is chosen as the optimal design. 
It is understood that in this case increasing the number of layers does not necessarily produce wider 
stop bands. Figure 5(a) shows the corresponding band structure for the optimal design. It can be seen 
that there is a wide stop band from 28 to 104 kHz. Figure 5(b) shows the transmission and reflection 
spectra of 5 unit cells of the composite sandwiched between two semi-infinite steel bars. It can be seen 
that components of the pulse with frequency content over the stop bands are completely reflected. Also, 
a significant portion of the waves with frequencies over the pass bands get reflected as well. 
Incident bar Transmission bar
Sample
Strain gauge S1 Strain gauge S2
Striker bar
A
B C
D
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Figure 4. Unit cell of a 2-phase layered PC (p: polycarbonate; and s: steel). 
 
Table 1. Optimal design for polycarbonate/steel layered PC 
ܰ ݀ሺ௝ሻ ሺfor ݆ ൌ 1. . ܰሻ (mm) ܴܵ 
2 14.6, 5.4 59.5 
3 4.0, 9.6, 6.4 73.2 
4 1.1, 3.9, 8.7, 6.3 61.5 
5 2.2, 7.3, 4.2, 1.1, 5.2 62.1 
 
  
(a)                                                                     (b) 
Figure 5.  (a) Band structure for the optimal design (ܰ ൌ 3ሻ; and (b) reflection and transmission 
spectra of the sample sandwiched between two semi-infinite steel bars 
 
Figure 6(a) shows the transmitted pulse measured experimentally together with the incident 
pulse as a function of time (pulses are shifted in time for better comparison). It can be seen that the rise 
time of transmitted pulse is ߬௧௥∗ ൌ 62.5	ߤݏ which is 4.3 times larger than the incident pulse rise time, 
߬௜௡∗ ൌ 14.5	ߤݏ. Also, the maximum stress of the transmitted pulse is ߪ௧௥∗ ൌ 37.1	ܯܲܽ which is 3.4 times 
less than that of the incident pulse, ߪ௜௡∗ ൌ 125.2	ܯܲܽ. Figure 6(b) shows FFT of the incident and 
transmitted pulses. It can be seen that components of the pulse with frequencies above 28 kHz, which 
are within the stop bands of the composite, are not transmitted. Increase in the rise time and decrease in 
the maximum stress of the transmitted pulse compared to those of the incident pulse are due to: (i) 
significant portion of the incident pulse being within the stop bands and getting reflected, and (ii) 
multiple reflections happening at the interfaces of the composite for the parts of the pulse within the 
pass bands. Furthermore, the wave speed in the sample is measured to be 1538	݉ ݏ⁄  which is 45.4% 
… 
1 2 3 N-1 N 
p  p  p s  s 
0 1 2 3
0
50
100
Q
Fr
eq
ue
nc
y 
(k
H
z)
0 20 40 60 80 100
0
0.2
0.4
0.6
0.8
1
Frequency (kHz)
R
ef
le
ct
io
n/
Tr
an
sm
is
si
on
 c
oe
ff
ic
ie
nt
 
 
Reflection
Transmission
7 
 
less than the wave speed in polycarbonate. Also, the energy of the incident and the transmitted pulses 
are calculated and it is observed that only 9.7% of the incident pulse energy gets transmitted. 
  
(a)                                                                 (b) 
Figure 6. (a) Experimentally measured incident and transmitted pulses; and (b) FFT of the incident and 
transmitted pulses. 
 
6 CONCLUSION 
A systematic method for optimal design of layered periodic composites for mitigation of impact-
induced shock waves is presented. Frequency spectrum of a pulse with a sharp rise time is studied and 
the frequency range that contains most of the pulse energy. Genetic algorithm is used to design a 
layered periodic composite to maximize the stop bands over the target frequency range. Components of 
the pulse with frequency content within the stop bands of the composite get effectively reflected, which 
results in the maximum stress and the energy of transmitted pulse become minimal. Hopkinson bar 
experiments are performed to study the behavior of the sample subjected to the pulse. Experimental 
results show that only 9.7% of energy of the incident pulse gets transmitted through the sample. 
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